Abstract. We calculate the limits of the quasi-local angular momentum and center-of-mass defined by Chen-Wang-Yau [7] for a family of spacelike two-spheres approaching future null infinity in an asymptotically flat spacetime admitting a Bondi-Sachs expansion. Our result complements earlier work of Chen-Wang-Yau [6] , where the authors calculate the limits of the quasi-local energy and linear momentum at null infinity. Finiteness of the center-of-mass limit requires that the spacetime be in the so-called center-of-mass frame, a mild assumption on the mass aspect function amounting to vanishing of linear momentum at null infinity. With this condition and the assumption that the Bondi mass is non-trivial, we obtain explicit expressions for the angular momentum and center-of-mass at future null infinity in terms of the observables appearing in the Bondi-Sachs expansion of the spacetime metric.
Introduction
In general relativity, the gravitational fields of isolated systems are modeled by asymptotically flat spacetimes. Such systems emit gravitational waves [1] which travel at the speed of light and eventually reach future null infinity of the spacetime. In the study of gravitational waves, it is desirable to find a suitable notion of conserved quantities defined at null infinity. While we have the well-accepted Bondi-Sachs energy-momentum, there is no such consensus for angular momentum or center-of-mass. To shed light on this problem, we calculate the limits of the quasi-local angular momentum and center-of-mass defined by Chen-Wang-Yau [7] for a family of spacelike two-spheres approaching future null infinity in an asymptotically flat spacetime N admitting a Bondi-Sachs coordinates. We start this introduction by briefly reviewing the Bondi-Sachs coordinates and Chen-Wang-Yau quasilocal conserved quantities.
Concurrent work of Bondi, van der Burg, and Metzner [4] and Sachs [17] introduced the Bondi-Sachs coordinates in order to clarify the nature Portions of this work were carried out during a visit to the Yau Mathematical Sciences Center at Tsinghua University. The first author wishes to thank this institution for its hospitality. In addition, the same author thanks the John Templeton Foundation for its support. The authors wish to thank Po-Ning Chen and Mu-Tao Wang for helpful comments and stimulating conversations related to this work. S.-T. of gravitational radiation. The coordinate system is built on the geometry of outgoing null hypersurfaces. In particular, the affine parameter of null geodesics r is taken as a coordinate function. Let N be a vacuum spacetime with metric g given in Bondi-Sachs coordinates (u, r, x A ) by
where we demand det σ AB r 2 = det(σ AB ), whereσ AB is the round metric on the unit sphere. Denote the level sets of u by C u . Assuming that the metric coefficients can be expanded into power series in 1 r , the above determinant condition implies σ AB = r 2σ AB + rC AB + O(1), where C AB (u, x D ) is a symmetric traceless two-tensor on S 2 , referred to as the shear tensor. Moreover, the null vacuum constraint equations enjoy a remarkable hierarchy that allows us to solve the metric coefficients on C u order by order, with C AB being free data. In particular,
Here and hereafter, tensor contraction is performed with respect toσ AB , unless otherwise noted. The function m(u, x A ) and the spherical co-vector N A (u, x D ) appear as free data in the aforementioned solution scheme, and are referred to as the mass aspect and the angular momentum aspect, respectively. By comparison with static solutions, the Bondi-Sachs energymomentum 4-vector (e, p 1 , p 2 , p 3 ) is defined by
whereX i are the first eigenfunctions on (S 2 ,σ). The positive mass theorem states that the Bondi-Sachs energy-momentum 4-vector is future-directed timelike if there is a complete spacelike hypersurface Σ intersecting null infinity in the given cut such that the dominant energy condition is satisfied on Σ, and if the domain of dependence D(Σ) of Σ is nonflat. In particular, e > 0. See Szabados [18] for further details. Next, we describe the quasi-local quantities to be considered, per ChenWang-Yau [7] . Let (Σ, σ) be a closed embedded spacelike two-sphere in a spacetime (N, g), with spacelike mean curvature vector H. The physical data used in the quasi-local definition consists of the triple (σ, |H|, α H ), where σ is the induced metric of Σ, |H| is the norm of its mean curvature vector, and α H is the connection one-form of the normal bundle with respect to the mean curvature vector; that is,
where J is the future-directed timelike vector obtain via reflection of H through the incoming light cone in the normal bundle.
The unphysical data used in the quasi-local definition is specified with respect to an isometric embedding X : (Σ, σ) ֒→ (R 3,1 , η) of Σ into the Minkowski spacetime. In terms of the image surface X(Σ) in R 3,1 , we have the unphysical data (|H 0 |, α H 0 ), analogous to the physical data.
Let (t, x 1 , x 2 , x 3 ) be a Cartesian coordinate system on the Minkowski spacetime (R 3,1 , η). We take T 0 to be a future-directed, unit timelike vector field in the Minkowski spacetime, interpreted as an observer, and split X = (X 0 , X 1 , X 2 , X 3 ) into temporal and spatial components. We define the height function τ := − T 0 , X (3) in terms of T 0 and X. Further, we define the density function
and the current one-form
There are many such choices of isometric embedding X and observer T 0 in the Minkowski spacetime. Per Chen-Wang-Yau [7] , we consider only those pairs (X, T 0 ) with associated data satisfying the optimal isometric embedding equation div σ j = 0. (6) The quasi-local center-of-mass and angular momentum are defined with respect to boost and rotation Killing fields in Minkowski spacetime, respectively the images of the Lorentz Killing vector fields
and
Per Chen-Wang-Yau [7] , the quasi-local center-of-mass and angular momentum are defined as follows: Definition 1. Given a surface (Σ, σ) in (N, g), suppose that the pair (X, T 0 ) provides an isometric embedding of Σ into Minkowski spacetime such that the optimal isometric embedding equation (6) is satisfied. Writing T 0 = A(∂ t ) = A((1, 0, 0, 0)) for a Lorentz transformation A, we define the components of the quasi-local center-of-mass by
and the components of the quasi-local angular momentum by
where ·, · denotes the Minkowskian inner product and K T denotes the projection of a Lorentz Killing field K onto the tangent space of the image X(Σ), such that
In the angular momentum expression, we make use of the volume form ǫ ijk of R 3 written with respect to the coordinates (x 1 , x 2 , x 3 ), such that k = 1, 2, 3; k = i, j.
In their simplest form, our main results, Theorems 14 and 18, state the following:
Theorem 2. Fix a null hypersurface {u = u 0 } and denote the level set of r on {u = u 0 } by Σ r . Under the assumption that m is independent of angular variables and C AB is closed, the limits of
where Y A denotes rotation Killing vector fields on S 2 for the angular momentum and the conformal Killing vector fields on S 2 for the center-of-mass.
We remark that Theorems 14 and 18 provide more general expressions for the center-of-mass and angular momentum, without restrictions on the mass aspect m or the shear tensor C AB .
To close the introduction, we selectively review previous definitions of angular momentum for a given cut S of the null infinity. For a comprehensive treatment, see Szabados [18] , especially section 3.2. First we have the Komar-type integral of Winicour-Tamburino [19] 
Here S is understood as the integral over a family of surfaces approaching S and K a is a vector field approaching some element in BMS Lie algebra. Whenever the definition involves a BMS vector field, it suffers from the "supertranslation ambiguity". Namely, while we can identify a distinguished four-dimensional subgroup isometric to the translation Killing fields, there are infinitely many subgroups isometric to the Lorentz group. Influenced by the classic paper of Bergmann-Thomson [3] , physicists tend to analogize angular momentum and spin. A word on the denomination. In this paragraph, we follow their convention in using "spin angular momentum" for all six conserved quantities associated with O(1, 3) symmetry. For the spinor approach, we replace the Killing equation by the twistor equation. However, since the twistor equation has only the trivial solution for general spacetimes, suitable modifications are needed. The first such changes were proposed by Bramson [5] , who suggested the expression
where A, B = 0, 1 and an asymptotic twistor equation is imposed on the spinor dyad λ A . Penrose [14] 
where S u,s , 0 ≤ s < ∞ is a foliation of an outgoing null hypersurface C u ,with induced metric γ. Here ζ A = g(D A l, l) is the torsion with respect to null normal vectors l, l of S u,s normalized by g(l, l) = −2 and Ω (i) is a "rotation" vector field. At this moment, it is unclear to the authors how to compare the above definitions with our result. The rest of the paper is organized as follows. In Section 2, we expand the metric coefficients to the order needed. In Sections 3 and 4, we compute the physical data (σ r , |H r |, α H,r ) for Σ r and the unphysical data (|H 0,r |, α H 0 ,r ) respectively. In Section 5, we discuss the center-of-mass-frame. The total center-of-mass and angular momentum are evaluated in Sections 6 and 7 respectively. In Section 8, it is shown that in Kerr spacetime, we recover the expected values.
Bondi-Sachs Coordinates and Asymptotic Expansion
Per Chen-Wang-Yau [6] , let N be a spacetime with metric g given in Bondi-Sachs coordinates (u, r, x A ) by
where we demand det
whereσ AB is the round metric on the unit sphere. In this way, the spacetime metric above has exactly six degrees of freedom. For future reference, we denote the covariant derivatives associated with σ AB andσ AB by ∇ A and ∇ A , respectively. We also note that, for vector fields X A on the sphere, we have
owing to the determinant condition (13) . Assuming a Bondi-Sachs expansion from null infinity in powers of 1 r , we have the metric form of Hawking-Perry-Strominger [11] ,
The function m(u, x A ) and the spherical co-vector N A (u, x D ) are referred to as the mass aspect and the angular momentum aspect, respectively. The symmetric traceless spherical two-tensor C AB (u, x D ) is referred to as the shear tensor.
The expansion above is derived from the Einstein equations expressed in the Bondi-Sachs variables. In particular, there are a hierarchy of initial data equations which can be systematically integrated to yield higher terms in the metric expansion, assuming expressions in powers of 1 r as mentioned at the outset. See Mädler-Winicour [13] for details.
The two metric expressions (12) and (15) are related by
Indeed, we need a further term in the expansion of V in calculating the quasi-local quantities. 
where
Proof. Per Mädler-Winicour [13] , we have the initial data equation
with R(σ) the scalar curvature of σ. The scalar curvature expands as
where we use the shorthand R (2) (18). Raising indices via
we calculate
Using the divergence relation (14) and the calculations above, we compute the expansion of V (17).
The Physical Data
We study the surfaces (Σ r , σ r ) in (N, g) with u and r fixed. Per ChenWang-Yau [6] and the Bondi-Sachs expansion (15), the physical data is specified by
We rewrite (23) and (24) 
and the connection one-form (24) expands as
Proof. For the norm of the mean curvature, we substitute the expansions (16, 21, 17) into (23) and find (25).
Regarding the connection one-form, we rewrite (24) as
and expand the two terms using (16, 21, 17) :
From these expressions, we calculate the connection one-form expansion (26).
In both calculations we make use of the divergence relation (14).
The Unphysical Data
We consider isometric embeddings X r : (Σ r , σ r ) ֒→ (R 3,1 , η), with components X r = (X 0 r , X 1 r , X 2 r , X 3 r ) expanding according to the ansatz
whereX = (X 1 ,X 2 ,X 3 ) are the standard coordinate functions on the unit sphere. The isometric embedding equation
and the metric expansion (22) imply the linearized equation
Recall from the introduction that the shear tensor C AB (u, x D ) is symmetric and traceless; generally, C AB (u, x D ) has the form
with scalar potentials c(u, x D ) and c(u, x D ) andǫ AB the area form of the standard unit sphere. Without loss of generality, we can assume that the potentials c and c have spherical harmonic expansions with support in ℓ ≥ 2.
As a shorthand, we write
With this notation in place, the equation (29) implies
Using these calculations, we proceed to expand the norm of the unphysical mean curvature and the connection one-form, as in the previous section. We present the norm of the mean curvature in the following proposition:
Proof. The unphysical mean curvature is given by H 0,r = (∆X 0 r , ∆X i r ), with associated expansions
per the inverse metric expansion (20) and divergence relation (14) . The norm of the mean curvature has expansion
Substituting for
Adding the last term in each of these relations, we further rewrite
Substituting these reductions, we obtain (34).
Turning to the unphysical connection one-form, we have the expansion:
Proof. First, we expand
Following the ideas of Chen-Wang-Yau [7] , we note that the vector
is normal to the embedded surface, owing to the isometric embedding equation. Shifting by an appropriate factor, we find that
is parallel to J 0,r , with length
Hence we have
Substituting for X i(0) via (33), we have
Per (33), we have moreover
Collecting terms, we have the connection one-form expansion (35).
The Center-of-Mass Frame
We assume that the isometric embeddings X r = (X 0 r , X i r ) expanding as (27) satisfy the optimal isometric embedding equation (6) to second order with respect to the observers
That is, given
together with the data (25, 26, 34, 35), we assume that τ r satisfies the equation
up to second order. As we shall see, the embedding and observer ansatze (27, 38) are justified assuming two simple conditions on the mass aspect function m in the metric expansion (15) . Using the mean curvature formulae (25) and (34) together with the fact that τ r is O(1), the density (4) expands as
Substituting the expansions (25, 26, 34, 35, 39, 40), the current (5) takes the form
Finally, we note that the observers T 0,r have the form T 0,r = A r ((1, 0, 0, 0)), where A r are Lorentz transformations expanding as
with
According to (41), we use only the connection one-form expansions (26) and (35), along with the divergence relation (14) , to calculate the linear term of the optimal isometric embedding equation:
We solve (43) for X 0(0) , complementing our earlier calculation of the X i(0) (33) per the linearized isometric embedding equations. Integrating against the eigenfunctionsX i , we deduce that the equation is solvable for X 0(0) if and only if the mass aspect satisfies
That is, solvability is guaranteed by vanishing of linear momentum (2) at future null infinity, placing the spacetime into what is often referred to as the center-of-mass frame. The center-of-mass frame will turn out to be essential in the calculation of center-of-mass. On the other hand, the calculation for angular momentum can be modified to accommodate other linear momenta profiles at future null infinity by means of different choices of observer T 0,r .
Owing to (44), we can solve for M (u, x A ) satisfying
specified up to the addition of a linear combination of first eigenfunctions f iX i . Substituting into (43), we find
such that
with h an arbitrary constant. We remark that, substituting X 0(0) above, it is possible to solve the isometric embedding equation (28) at the next order, obtaining the embedding term X i(−1) .
Raising indices of the current (41) via (20) and applying the divergence relation (14), we calculate the next order term of the optimal isometric embedding equation (6):
where we have used the connection one-form expansions (26) and (35) in addition to that for τ (39). Here S is a shorthand for terms expressible in terms of the physical observables in the metric expansion (15) and X 0(0) (47). We solve (48) for X 0(−1) , with integration against the eigenfunctionsX j yielding necessary and sufficient conditions for solvability:
where we have used the pointwise relation
Assuming positivity of the Bondi mass (1), such that S 2 m > 0, and any S, solvability follows from an appropriate choice of b j , which we leave implicit. In generating X 0(0) , X 0(−1) , and the b j , the analysis of (43) and (48) allows us to solve for τ (0) and τ (−1) in (39). In principle, we could also solve the isometric embedding equation (28) to the next order, obtaining the embedding term X i(−2) .
Determination of the b i is necessary in proper calculation of the terms appearing in the angular momentum calculation, though it turns out that such terms vanish after integration by parts. On the other hand, the calculation for quasi-local center-of-mass relies only upon the condition (44) allowing solvability and application of the linearized equation (43).
Solvability of higher-order terms appearing in the optimal isometric embedding equation (6) and the isometric embedding equation (28) is accomplished in the work of Chen-Wang-Yau [6] ; see Theorem 3. The authors show that, given the same assumption on the Bondi mass (1), such that S 2 m > 0, it is possible to solve (6) and (28) inductively with respect to embeddings X r and observers T 0,r = A r ((1, 0, 0, 0) ) expanding according to (27), (38), and (42), adding lower order terms to the Lorentz transformations A r as necessary.
To summarize the section above, given our family of surfaces Σ r in a spacetime (N, g) with mass aspect function m satisfying
the pairs (X r , T 0,r ), with embeddings X r and observers T 0,r expanding as (27) and (38), respectively, satisfy the optimal isometric embedding equation (6) and isometric embedding equation (28) at all orders.
Limit of Quasi-local Center-of-Mass
We evaluate the quasi-local center-of-mass formula (9) with respect to the surfaces (Σ r , σ r ) in a spacetime (N, g) with vanishing linear momentum at null infinity (44) and with positive Bondi mass, such that the pairs (X r , T 0,r ) described above satisfy both the isometric embedding equation (28) and optimal isometric embedding equation (6) to all orders. Taking limits as r approaches infinity, we recover the components of the center-of-mass at future null infinity. In doing so, we make use of the data (25, 26, 34, 35), the derived expansions (39, 40, 41, 42), the linearized optimal isometric embedding equation (43), and the expression for X 0(0) (47) arising from its analysis.
For simplicity, we begin by considering the case where the observers T 0,r = (1, 0, 0, 0), such that b i = 0 in its expansion (38). According to Definition 1, we consider the boosts
associated with T 0 = (1, 0, 0, 0). Here K i,r denotes the restriction of the Lorentz boost to the embedded surface X r (Σ r ).
On the embedded surfaces X r (Σ r ), the K i,r satisfy
where in the second expression we apply the projection formula (11) .
Expanding the center-of-mass formula (9), we find
with the seemingly divergent top-order term annihilated by our assumption of vanishing linear momentum at null infinity (44). Expanding (9) to the next order and taking the limit as r approaches infinity, the center-of-mass at future null infinity is given by components
where we have applied the linearized optimal isometric embedding equation (43), amounting to a divergence-free condition on j (−1) A , to integrate away its contraction with the first term in the expansion (51).
As mentioned in the previous section, owing to the form of the components of (53), calculation of the center-of-mass does not rely upon application of the second order term (48) in the optimal isometric embedding equation.
We begin our simplification of (53) by rewriting terms in the integral of the unphysical mean curvature norm (34): Lemma 7.
Proof. Suppose X j(−1) = α A∇ AX j + βX j . With this notation and the surface metric expansion (22), the second order term of the isometric embedding equation (28) takes the form
We compute
Substituting for X i(0) (33) and X 0(0) (47), we have
By (47), we also have
We simplify the terms involving M via (45):
Applying the mean curvature expansions (25) and (34) together with Lemma 7, we find
In the last identity, we separate F · F and F · F terms. Note that the last two terms in the first line vanish via integration by parts, with vanishing of the first of these terms relying upon our assumption on vanishing of linear momentum (44).
We reduce each of the last three terms above in a sequence of lemmae; in doing so, we make use of the tensor identities contained in the following proposition: Remark 9. The last two identities can be combined intoǫ AB∇ A C BD = ǫ DA∇B C AB . (18), we have the following identity:
Lemma 10. Using Proposition 8 and
Proof. Using (54, 55, 57, 58) in Proposition 8, we have
Indeed,
Moreover, contracting (56) in Proposition 8 with C AB , we obtain
Applying (18), we deduce
Lemma 11. Applying Proposition 8, we have
Proof. We note the cancellation
where we have used (55). Moreover, we rewrite
using (58). Next, we simplify
Lemma 12. Per Proposition 8,
Proof. We simplify
using (57) in each reduction.
Finally, we evaluate the second part of the center-of-mass integral (53).
Lemma 13.
Proof. Per the connection-one form expansions (26) and (35) applied to j A (41), we have
where we have substituted for X 0(0) via (47). The result follows from (61) along with the expressions for X i(0) (33) and X 0(0) (47).
Theorem 14. Suppose (N, g) is a spacetime with Bondi-Sachs expansion (15). Further assuming that (N, g) has vanishing linear momentum at null infinity (44) and positive Bondi mass, the center-of-mass at future null infinity has components
In particular, if C AB is closed, then
In addition, if C AB is closed and m is angular independent, then
Proof. We have calculated (62) assuming an observer T 0 = (1, 0, 0, 0). More generally, the condition (44) allows for observers T 0,r expanding according to (38) . Following Definition 1, we write T 0,r = A r ((1, 0, 0, 0)) for Lorentz transformations A r and measure the quasi-local center-of-mass (9) with respect to the Lorentz boost A r (K i,r ), taking limits as r goes to infinity to recover the components of the center-of-mass at future null infinity. Owing to preservation under Lorentz transformations, the inner product expansion (50) remains the same. Likewise, the density terms in the expansion (40) and the current term j 
from which application of the projection formula (11) gives the expansion
differing from the earlier (51) in its final term. The new terms in the centerof-mass component amount to 1
In this way, the earlier calculation of (62) is preserved.
Remark 15. The third term in (62) can be rewritten as follows:
Limit of Quasi-local Angular Momentum
We evaluate the quasi-local angular momentum formula (10) with respect to the surfaces (Σ r , σ r ) in a spacetime (N, g) with vanishing linear momentum at null infinity (44) and with positive Bondi mass, such that the pairs (X r , T 0,r ) described above satisfy both the isometric embedding equation (28) and optimal isometric embedding equation (6) to all orders. In particular, we can make appropriate choices of b i in the observer expansion of T 0,r (38) guaranteeing solvability of the optimal isometric embedding equation at first order (43) and second order (48). Taking limits as r approaches infinity, we recover the components of the angular momentum at future null infinity. In doing so, we make use of the data (25, 26, 34, 35) , the derived expansions (39, 40, 41, 42), the linearized optimal isometric embedding equation (43), and the expression for X 0(0) (47) arising from its analysis.
As with the calculation of center-of-mass, for simplicity we begin by considering the case where the observer T 0 = (1, 0, 0, 0); in particular, b i = 0 in its expansion (38). According to Definition 1, we consider the angular momentum vector fields
associated with T 0 = (1, 0, 0, 0). Here K i,j,r denotes the restriction of the Lorentz boost to the embedded surface X r (Σ r ). Evaluating on X r (Σ r ), we have
Considering the projection on the embedded surface X r (Σ r ), we calculate
which simplifies to
and we have substituted for the X i(0) in the last term via (33). Note that Y A i,j satisfies the Killing equation
which implies the further identities
With the above calculations, the quasi-local angular momentum (10) expands as
with worrisome, possibly divergent behavior arising from the top-order term of j A (61). This top-order term vanishes via integration by parts and application of the Killing equation (67).
Expanding (10) to the next order, we have vanishing of integrals of exact terms in the current j (−2) A (41) contracted with Y A i,j , owing to integration by parts and application of (68). In addition, we have vanishing of the term
owing to integration by parts and
following from co-closedness. We could equally well have applied the linearized optimal isometric embedding equation (43), amounting to a divergencefree condition on j (−1) A . Applying these reductions and taking the limit as r tends to infinity, we calculate the components of the angular momentum at future null infinity:
We simplify the terms involving X 0(0) in the following lemma:
Proof. With repeated integration by parts and application of the properties of Y A i,j (67, 68, 69), we calculate
Hence, the original integral reduces to
Substituting the linearized equation (43) into the first line, we calculate
the terms of which reduce as
= 0, and
where in the last line we have applied (43) and integrated away the quadratic terms in c, as in the previous reduction. Throughout, we have made use of the propreties of Y A i,j (67, 68, 69). For the second line, using the properties (67) and (69), we note
Putting the two reductions together, we obtain Lemma 16.
Turning to the terms involving the shear tensor alone, we have the following lemma:
Proof. We have the vanishing
using the properties of Y A i,j (67) and (68). In addition, we compute
where we have applied (58), and
Per (66), Y A i,j = ε ijqǫAB∇ BX q , and the relations above imply Applying these reductions, we have a simplified formula for the angular momentum at future null infinity: 
Proof. We have calculated (72) with respect to an observer T 0 = (1, 0, 0, 0), assuming that (43) and (48) 
from which application of the projection formula (11) gives the projection expansion 
differing from the earlier expansion (65) by an exact term. The contribution to the quasi-local formula amounts to 
Finally, the angular momentum aspect N A has components N θ = 3M a cos θ,
We also calculate the divergence and curl of N A :
As the mass aspect is constant, the condition (44) holds, yielding vanishing of the linear momentum at future null infinity. That is, the spacetime is in center-of-mass frame, and solvability of the linearized optimal isometric embedding equation (43) is ensured. In particular, we find X 0(0) = − 1 4 (∆ + 2)c.
Considering the next order in the optimal isometric embedding equation, we can directly compute vanishing of the term S in the discussion following (48), using the mass aspect, the angular momentum aspect (76), the shear tensor (74), and the form of X 0(0) obtained by solving the linearized equation (43). As a consequence, we consider the observer T 0 = (1, 0, 0, 0), such that the b i = 0 in the observer expansion (38).
In calculating the center-of-mass and angular momentum at future null infinity, it is helpful to express the first eigenfunctions in spherical coordinates:X 1 = sin θ cos φ, X 2 = sin θ sin φ,
Owing to the simplicity of the Kerr spacetime, with constant mass aspect and closed shear tensor, we apply the special case appearing below our general formula for the quasi-local center-of-mass at null infinity (62) to deduce
via integration by parts and (77).
On the other hand, the special case appearing below our general formula for the quasi-local angular momentum (72) yields
B N A = 0,
whereǫ AB∇ BX 3 = ∂ φ in spherical coordinates. In this way, the calculations are precisely what we expect from the usual presentation of the Kerr spacetime.
